The problem of pulse pile-up is very often encountered in precise measurements of γ-rays using germanium detectors. The standard method of treating the pile-up events is to identify and reject them using an appropriate electronics system. Digital acquisition techniques now allow the recording of waveforms of pile-up events that can be analysed and the contributing single pulses recovered, rather than simply tolerating the losses associated with pile-up. In this paper, a method for the off-line digital 
I. INTRODUCTION
The development of nuclear structure studies has depended to a large extent upon the γ-ray spectroscopy technique using germanium detectors. Germanium arrays 1 like AGATA, GAMMASPHERE, EXOGAM have permitted detailed studies of nuclear structure and this field of research is now pushed to more extreme cases making use of the available and future radioactive beam facilities. In such experiments, germanium detectors often work at high count rates of X and γ-rays coming not only from the target but also from the beam interactions with surroundings. This leads to a high fraction of pile-up events, which are events in which two or more pulses partly or completely overlap in time. If not properly recognized, these signals are interpreted as single events, with an energy equal to the sum of the constituent pulses, with a resulting degradation of the pulse height spectrum. There are several methods which X-ray Instrument Associates (XIA) 4 . The preamplifier signals are sampled as voltage values in XIA's DGF Pixie-4 acquisition card at 75MHz with 14-bit ADCs. Test experiments were performed using a 137 Cs source with 400 kBq activity and events were recorded over timescales 14 µs in length, which leads to approximately 1000 samples per event. The digitized waveforms are saved on a disk drive and transferred to a PC for offline analysis. The offline analysis is performed using a program written in MATLAB language.
III. PRINCIPLE OF THE METHOD
To describe the developed algorithm, we start with a brief description of pulse processing in γ-ray spectroscopy systems. In such systems, signals from a preamplifier are shaped by a pulse shaper, to optimize the signal-to-noise ratio.
Among the different methods of pulse shaping, Gaussian pulse shaping is a common choice due to its simplicity and good signal-to-noise ratio. Theoretically, a Gaussian pulse shaper is composed of a differentiation stage followed by an infinite number of integration stages. In practice, a limited number (n) of integration stages is used, called the filter order. If the differentiation and n integration time constants are all the same value τ, the response function of the corresponding circuit is described by 5 :
where t 0 is the signal start-time and E is the signal amplitude. In practise, normally four stages of integration (n=4) are used and the resulting CR-(RC) 4 filter is called a semi-Gaussian filter, as its output is only an approximation of the Gaussian shape.
Because the semi-Gaussian filter is a linear filter, its output for a pile-up event consisting of two pulses can be expressed as the sum of two semi-Gaussian functions.
In our method, a digital pile-up detector is employed to detect the pile-up events.
When a pile-up event consisting of two separate signals is detected by the pile-up detector, the signal which is appropriately shaped by a digital semi-Gaussian pulse shaper is fitted by the sum of two semi-Gaussian functions and the amplitudes of the individual signals are determined as fitting parameters. Since a fit according to Eq.1 with several free parameters is CPU time consuming and may not always easily lead to the best resolution, to simplify the fitting procedure and improve the fitting accuracy, it is necessary to reduce the number of free parameters by identifying their single best value or finding a relation between them. Moreover, in order to minimize the fitting error, special care should be paid to the pulse shaping process to obtain a pure semi-Gaussian signal. The details of the pulse shaping process and fixing the parameters involved in the fitting procedure are described in the section A. The algorithm used to identify the pile-up events is described in section B.
A. Pulse shape analysis Fig. 1(a) shows a typical signal from the germanium detector. The preamplifier output exponentially decays with the preamplifier decay time constant T f . Shaping of such a pulse with the semi-Gaussian filter usually results in an undershoot in the unipolar pulse. This deviation from the semi-Gaussian pulse shape will cause a significant error in the amplitude determination using the fitting procedure. To obtain a perfect unipolar semi-Gaussian pulse, first the preamplifier signal is corrected for the finite decay-time T f and converted into a step function. The correction for the finite decay-time T f is done using the following relation:
Where u k and v k are the signal samples before and after the correction and ∆t is the signal sampling interval. The preamplifier decay-time constant T f is determined by fitting an exponential function to the preamplifier signals. Fig. 1(b) shows the signal after correction of the preamplifier decay-time. The resulting step signal is fed to the digital semi-Gaussian pulse processing algorithm. The signal after shaping with the semi-Gaussian filter together with the result of fitting with Eq.1 is shown in Fig. 1 
(c).
The fitting was done by setting the signal amplitude E, the start-time t 0 and the filter order n as free parameters and the τ was set 600 ns, corresponding to 2.4 µs total shaping time constant. The fitting procedure was applied to a significant number of events and it was observed that the signals are accurately fitted by the Eq.1 even for low-energy events. The average value of the filter order (n) was determined as n=3.96477, which is very close to the theoretical value of the filter order (n=4). This enables the filter order to be fixed and, therefore, only two free parameters, E and t 0 , remain. In the next step, the signal start-time t 0 is determined by employing a digital pulse timing method such as constant-fraction discrimination (CFD). In fact, timing methods are able to determine the start-time of pulses from germanium detectors with an uncertainty of less than 10 ns, which is sufficient for our fitting procedure in which the fitting range of energy signals is several µs. The details of the determination of the signal start-time using the CFD technique are illustrated in Fig. 2 . The signals are first shaped by the semi-Gaussian (CR-(RC) 4 ) filter with a small shaping time constant (here 40 ns) in order to reduce the noise and signal duration. The CFD method then determines the signal start-time by analysing the signal to determine when the signal crosses a predefined threshold. The threshold is set as a fraction of the signal's amplitude. While the true value of the signal's start-time is determined by using lower CFD thresholds, a low threshold can cause timing error by triggering on the signal noise. This is particularly the case for a signal whose amplitude exceeds the noise level only by a small amount. Multiple analyses were performed to study the effect of the threshold value on the fitting accuracy. It was found that a threshold value equal to the 20 % of the signal maximum value is a good choice, leading to very good fitting accuracy and minimizing the effect of noise. After determining the signal start-time, the pulse amplitude remains as the only parameter to be determined by the fitting procedure.
B. Pile-up detector
A pile-up detector is required to identify the pile-up events. A common method for pile-up inspection in γ-ray spectroscopy systems is to process the signals in a fast channel in parallel to the slow pulse processing one 6, 7 . In the fast channel, the signals are differentiated to form narrow pulses and the pile-up detector examines the pile-up events by measuring the time intervals between these signals. If the time between successive signals is less than a predefined value, the event is recognized as a pile-up event and the corresponding signal in the slow channel is rejected. However, as will be shown later, this method fails to detect a pile-up event when two signals happen in very close proximity or when one of the signals has small amplitude. In order to more effectively detect the pile-up events, we have used a different method which analyses the shape of signals after the semi-Gaussian pulse shaper. The details of this method are shown in Fig. 3 . The method calculates the width of a signal at 20% of its maximum value and compares it with an average value calculated using a considerable number of single events. If the pulse width is larger than the average value, it is considered as pulse pile-up. The advantage of this method is that it acts on the shaped signals and, therefore, is less sensitive to the electronic noise. consisting of pulses at very close proximity or small amplitudes. Fortunately, the majority of these events are detected by our pile-up detection algorithm described in section III. Around 600 such pile-up events were identified among the sixty thousand collected events. These pile-up events were processed by the timing measurement algorithm to determine the start-time of the pulses constituting the pile-up event and then the pile-up waveforms were fit using the fitting program. Two typical examples of the pile-up events are shown in Fig. 6 . The waveforms correspond to two extreme cases of pile-up where one of the overlapping signals has small amplitude ( Fig. 6(a)) or the signals are very close to each other (Fig 6(b) ). The spectrum obtained from the separated events is shown in Fig.7 . A low-energy peak due to the recovered X-rays and a full energy peak (662 keV) are clearly seen. It is interesting that the X-rays peak appears in the recovered spectrum despite the fact that the X-ray amplitude is below the energy threshold of the system. The spectrum has an energy resolution of 2.2% at 662 keV. This resolution is rather poor, compared to the intrinsic resolution of the detector. However, the fact that these separated events are the extreme cases of very close events or small amplitude events implies that a better performance can be expected for the actual experiments when all pile-up events are included. It should be emphasised that the spectrum is obtained by processing all the pile-up events not detected by the pile-up detector of XIA system, down to minimum distance between signals of approximately 250 ns.
IV. SIMULATION OF THE METHOD

V. APPLICATION OF THE METHOD TO PILE-UP EVENTS
VI. CONCLUSIONS
In conclusion, we have presented in this paper a powerful method for separating the pile-up events in germanium detectors. The simulation and test experiment results demonstrate that the method is able to recover pile-up events with good accuracy. The method is very useful for recovering low-intensity events which are lost due to pulse pile-up in a high intensity background. 
